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11674 Proposed by Bl Péter Dalyay. Let a andb be real numbers with < 0 < b. Let S be the
set of continuous functiong from [0, 1] to [a, b] with fol f(z)dz = 0. Let g be a strictly increasing
function from|0, 1] to R. Define¢ from StoR by ¢(f) = fol f(x)g(z)dz.

(@) Findsup,c5 ¢(f) in terms ofa, b, andg.

(b) Prove that this supremum is not attained.

Answer. From the TCDmath problem groupetY = b/(b — a), let h(x) be the step-function

a fz<Y
T +— i
b ifx>Y.

and letB = fol h(z)g(x)dx.

We can assume thatY’) = 0, because, if a constantis addedtandf € S, thenfo1 f(x)g(x)dx
is unchanged. 1§(Y") # 0, subtracty(Y") from ¢, and the assumption is satisfied.

The functionh is discontinuous. For any continuous functipn [0, 1] — [a, b], eitherf(z) > a
on a nonempty open subset @©f Y'), or f(z) < b on a nonempty open subset @f, 1): in either
case,fol f(x)g(z)dz < fol h(x)g(z)dx = B. Therefore the supremum s B, and the value3 is
not attained by any in S.

Foranyl > ¢ > 0,letd = Ye, let( = (1-Y)¢, and lethe : [0, 1] — [a, b] be the piecewise-linear
function
(0 fO<z<Y -0

a—(y=5)\
s a(l—T> if VY-6<z<Y
b(=) it Y<a<yag
b if Y+(<z<1.

\

*This group involves students and staff of the Departmentatii@matics, Trinity College, Dublin. Please address cor-
respondence either to Timothy Murphyi (m@rat hs. t cd. i €), or ColmO Dinlaing pdunl ai n@rat hs. t cd. i e).



Integratingh*:

a(Y —0) + (a/2)0 + (b/2)(+b(1 -Y — () =

aY(1—¢)+ “}2/6 LAY vy — e =

ab — ba e (ab— ba
(1_€)< b—a )+§< b—a)_o

and
1 Y Y+¢
B — /o he(z)g(x)dx = /y—a(a — hf(z))g(z)dx + /y (b — h(x))g(z)dz
<6(b—a)lg(Y —=0)[+ (b —a)lg(Y + ()| = —ebg(Y — 6) — eag(Y + () <
(0lg(0)] + [alg(1))e is O(e).
Therefore

1

b/(b-a)
sup(f) = B =a / g(x)dz + b / o(x)d,

fes /(b—a)
and the supremum is not attained by ghin S. |}
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